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Abstract

In the present paper we show how one can use the perturbation of some molecular optical property(for example
circular dichroism or chemical shift) as a function of concentration to construct cluster distribution functions describing
the self-association of molecules in solution. The optical data are first converted into data giving the variation of the
average extent of clustering as a function of the total concentration and then, using straightforward thermodynamics,
a set of moments of the cluster distribution function can be obtained. Utilizing the maximum-entropy method, the
moments are then used to calculate approximate distribution functions, where the more moments that are used the
better the approximation obtained. Given the probability distribution for clusters of different sizes one can then
calculate the equilibrium constant for each stage of association. Thus one converts average degree of association into
equilibrium constants without having to use any specific model. By this method one can clearly tell whether the
equilibrium constants remain constant, increase, or decrease with the number of molecules in a cluster. We apply the
method to literature data for two systems, namely daunorubicin, which has a strong tendency to cluster in solution,
and Mg(ATP) which forms weaker clusters. We find that the successive equilibrium constants for adding a2y

monomer to a cluster are approximately constant for daunorubicin but clearly decrease as a function of increasing
cluster size for Mg(ATP) . � 2001 Elsevier Science B.V. All rights reserved.2y
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1. Introduction

Many more or less flat molecules of biological
origin, such as the nucleic acid bases and other
similar molecules, tend to self-associate in solution
to form roughly linear stacks of varying sizes.
Examples of these phenomena are given in the
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work of Martin w1x on the antibiotic daunorubicin
and Scheller et al.w2x on nucleotides, which we
will use as examples. These workers analyzed their
data using the assumption that the equilibrium
constant for adding a monomer to a stack was
independent of the size of the stack(equal-K
model). Martin w3x has reviewed a great deal of
the data in this field and has compared the results
obtained from the equal-K model with a model
where the equilibrium constant for adding a mon-



186 D. Poland / Biophysical Chemistry 94 (2001) 185–199

omer gets smaller as the size of the stack increases
(attenuated-K model). Using the review of Martin
as a starting point we will develop a method for
treating these systems whereby one can obtain
information about the stack-size dependence of the
equilibrium constant without having to introduce
any specific model. The approach uses the maxi-
mum-entropy method whereby moments of a dis-
tribution function are used to obtain an
approximate distribution. Knowledge of the distri-
bution function(giving the probabilities of various
cluster species) then directly gives information
about the equilibrium constants for different stages
of association. We have previously used this meth-
od to treat enthalpy and free energy distributions
in proteins and have applied it(Poland w4–6x),
using techniques very similar to those employed
in the present application, to the treatment of
titration’s and ligand binding properties in proteins
and nucleic acids.
We begin with the basic clustering reaction

(whereA indicates a basic monomer unit and the
subscripts indicate how many such units are in a
cluster) where we add a monomer to a chain of
(n-1) units

A qA lA (1)1 ny1 n

The equilibrium constant for this reaction will
be designated asK which we will take in generaln

as a function ofn. Alternatively, for equilibrium,
one can consider the direct formation ofA relativen

to monomer

n A lA (2)1 n

This reaction will have equilibrium constantQn

which is related to theK as follows(one adds upn

the stepwise reactions of Eq.(1) to get Eq.(2);
the net equilibrium constant is the product of the
equilibrium constants for the individual steps)

n

Q s K (3)n m2
ms2

For completeness we defineQ , the equilibrium1

constant for the identity reaction, , asA l A1 1

Q s1.1

The total amount of monomer,c, in the system
is constant(conservation relation)

`

w xc s n A (4)n8
ns1

We will assume that we have experimental data
giving the average extent of clustering as aN Mn
function of the total concentration of monomer in
the system(c of Eq. (4)). We then construct an
empirical Taylor series expansion of aboutN Mn(c)
a given total concentrationc .o

1 2
N Mn(c) s n q n9(cyc )q n0(cyc ) (5)o o o2

where the primed quantities are given by

B E
N M≠ n

C Fn n9 s ,o s Nn c M,( )o
D G≠c co (6)

2B E
N M≠ n

C Fn0s 2D G≠c co

The point of this exercise is that the three
numbers given in Eq.(6), representing simply a
local Taylor series expansion of the experimental
data (with no models assumed), give enough
information to calculate the first three moments of
the cluster distribution function atcsc and theo

first three moments are in turn enough information
to construct an approximation to the entire cluster
distribution function from which the equilibrium
constants of the reaction given in Eq.(1) can be
determined. In the next section we show how the
parameters in Eq.(6) are related to the first three
moments of the cluster distribution function and
then, in the following section, we show how the
moments can be actually used to construct the
distribution function.

2. Moments of the distribution

In this section we show that the numbers in Eq.
(6) give sufficient information to allow us to
calculate the first three moments of the cluster
distribution function without the requirement of
any additional assumptions or models. We begin
with the basic association reaction of Eq.(2). The
standard equilibrium constant expression for this
reaction gives

nw x w xA s A Q (7)n 1 n
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We then define an association polynomial
` `

nw x w xGs A s A Q (8)n 1 n8 8
ns1 ns1

which represents the total concentration of clusters
of any size.G is the analog for self-association of
the binding polynomial for the binding of ligands
to macromoleculesw4–6x. The probability of an
n-mer is then given by

nw xP s A Q yG (9)n 1 n

while the average extent of association is
` ` `

n nw x w xN Mn s n P s n A Q y A Q (10)n 1 n 1 n8 8 8
ns1 ns1 ns1

which can be generated as a derivative ofG

A ≠G1
N Mn s (11)

G ≠A1

Higher moments are generated in a similar
manner

m` 1 ≠ Gm m
N Mn s n P s (12)n8 mG ≠yns1

where

ysln A (13)1

If one takes further derivatives of usingN Mn
either Eq.(10) or Eq. (11) one obtains

N M≠ n
22

N M N Ms n y n (14)
≠y

and
2
N M≠ n

33 2
N M N MN M N Ms n y3 n n q2 n (15)2≠y

These relations are given in terms ofA which1

is the concentration of free monomer in solution.
Since we have as a function of the totalN Mn
monomer concentration in any form, we must
convert Eq. (14) and Eq. (15) into relations
involving derivatives with respect toc rather than
A . To accomplish this we use the following1

relations

N M≠ n ≠w1( )s n (16)
≠y ≠y

and
2 2 2N M≠ n B E≠w ≠ w2 1( ) ( )C Fs n qn (17)2 2D G≠y ≠y ≠y

where we define

wsln c (18)

We then have

N M N M≠ n ≠ n
1( )n s s c s cn9 (19)

≠lnc ≠c

and
2 2
N M N M N M≠ n ≠ n ≠ n

2 2( )n s s qc2 2≠(lnc) ≠c ≠c (20)
2scn9qc n0

wheren9 andn0 are given by Eq.(6). The relation
betweenA and c (or betweeny andw) is given1

through the conservation relation of Eq.(4)
` `

nw x w xcs n A s n A Q (21)n 1 n8 8
ns1 ns1

We define the first three moments of the cluster
distribution function as

2 3
N M N M N MM s n , M s n , M s n (22)1 2 3

then from Eq.(21) we obtain the relations
2

N Mn≠w
s and

N M≠y n (23)
23 2B E2 N M N Mn n≠ w C Fs y2

N M N M≠y n nD G

Combining Eqs.(19)–(23) one finally obtains
the following simple relations for the first three
moments in terms of the variablesn and n1 2( ) ( )

which through Eq.(19) and Eq.(20) are obtained
from the experimental quantitiesn , n9 and n0 ofo

Eq. (5)
2M1M sn , M s (24)1 o 2 1( )w x1yn yM1

2 1 32 ( ) ( )w xM yM (n yn )q3M M y2M2 1 1 2 1
M s3 1( )w x1yn yM1

(25)
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The above equations have the form of a set of
recursion relations for the moments

Ž .M s n ,M s f M , n91 o 2 1 1 (26)
Ž .M s f M ,M ,n9,n03 2 1 2

3. Probability distributions from moments

We now use the maximum-entropy method as
treated by Taglianiw7x to turn knowledge of
moments into knowledge of the cluster distribution
function. One begins by defining an entropy-like

quantity, , in terms of the prob-y P(x)lnP(x)dx|
ability distribution P(x) and then maximizes this
quantity subject to a finite set of constraints,

namely the moment equations .nM s x P(x)dxn |
The result of this procedure is the maximum-

entropy form of the distribution function which is
found to be

w xP(x)sexpyg(x) (27)

where
L

ng(x) s l x (28)n8
ns0

The quantityg(x) is a finite polynomial with
the limit L being the number of moments that one
has(which, in our case, is three). If one has only
a single moment, the value of the averagex, then
the distribution function has the form of a simple
exponential; if one has two moments, the average
x and the averagex , then the distribution has the2

form of a standard Gaussian distribution. When
one has more than two moments then one has a
distribution function that goes beyond a simple
Gaussian distribution. In constructingP(x) one
starts with the numerical values of a finite set of
moments and uses a simple iteration scheme to
calculate the values of thel as given in Eq.n

(28).The constantl is a normalization factor.o

Thus one trades a finite set of values of the
moments for a set of the same size of values of
thel .n

The probability distribution in Eq.(27) is given

in terms of a continuous variablex while the
cluster distribution function is in terms of the
discrete number of particles in a cluster. The
correspondence between the continuous and dis-
crete functions(discussed inw5x) is as follows. To
obtain a discrete set of probabilities we use inte-
grals centered at the integers. For example, to
obtainP we use the integral1

3y2

P s P(x)dx (29)1 |
1y2

and so on. The continuous functionP(x) given in
Eq. (27) is defined on a finite interval starting
with xs0. Thus in order to treatP we must shifto

the origin of the functionP(x) by 1y2 introducing
the new moments for the shifted distribution

N
9 mM s (nq1y2) P (30)m n8

ns0

giving

1
9M s M q1 1 2

1
9M sM qM q2 2 1 4

1 3 1
9M s M q1 M q M q (31)3 3 2 12 4 8

and so on. The cluster probabilities are then(using
P(x) obtained with the shifted moments)

1 2

P s P(x)dx, P s P(x)dx (32)o 1| |
0 1

and so on. This represents a small change, but it
gives the best correspondence between the contin-
uous distribution of Eq.(27) and the discrete
cluster distribution.

4. Equal and attenuated K models

As an example of the above methods we treat
the two models used by Martinw3x and show that
for model data this method can easily distinguish
between these two models. The equal-K model
(KE model) assumes that
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K sK (33)n e

where K is independent of cluster size. Thee

attenuated-K model(KA model) assumes that suc-
cessiveK’s get smaller in a particular manner

B E1
C FK s K (34)n a
D Gny1

whereK is the equilibrium constant for dimeri-a

zation(this givesK sK , K sK y2, etc.).2 a 3 a

The correspondingQ (from Eq. (3)) are thenn

nQ s K (KE model)nq1 e (35)
1 nQ s K (KA model)nq1 an!

The general form of the association polynomial
introduced in Eq.(8) is

`
nGs X Q (36)n8

ns1

wherex is the concentration of free monomer

w xXs A (37)1

which is not the same as the total concentration of
c given in Eq.(21). Using the forms forQ givenn

in Eq. (35) in Eq. (36) one obtains the closed
forms

` XnG sX (XK ) se e8 1yXKens0 (38)
` 1 n XKaG sX (XK ) sXea a8 n!ns0

The fact that these two models lead to closed
forms forG is, of course, the reason for choosing
them. Our general approach is not restricted to
these two simple forms but we use them here as
examples of cluster distribution functions that can
be treated exactly. GivenG one then immediately
has closed forms for the momentswln Xsy as
defined in Eq.(13)x

1 2 2 2( ) ( )G s≠Gy(lnX); G s≠ Gy(lnX) ; (39)
3 3 3( )G s ≠ Gy(lnX)

1 2( ) ( )M sG yG; M sG yG;1 2 (40)
3( )M s G yG3

In particular it is useful to have the details of

theKE model as a reference. For convenience we
define the following variable

w xu s A K sX K (41)e 1 e e

the value of which is determined by the conser-
vation relation of Eq.(21)

w xyu s1y 1q4cK y1 y2cK (42)e e e

wherec is the total concentration. Notice that the
physical solution foru must be a real positive
number less than one. The experimental data one
has is sM as a function ofc which in theKEN Mn 1

model is explicitly

2cKe
N Mn s (43)

y1q4cK y1e

while the moments are given by

1 1queM s , M s ,1 2 21yu (1yu )e e (44)
21q4u que eM s3 3(1yu )e

For theKA model the corresponding quantities
are

N MM s n s 1qu ,1 a

2 2
N MM s n s 1 q 3u q u ,2 a a

3 2 3
N MM s n s 1 q 7u q 6u q u (45)3 a a a

where now

u sx K (46)a a

Note that in Eq.(45) the exponential that occurs
in Eq. (38) cancelswsee Eq.(40)x. The quantity
u is obtained from the conservation relation ofa

Eq. (21) which, using Eq.(38), is transcendental
and must be solved numerically

uac s u (1qu )e yK (47)a a a

For theKE model u is given by Eq.(41) ande

is obtained from Eq.(42). This quantity must be
less than one for theKE model since asue

approaches one the moments given by Eq.(44)
become infinite. For theKA modelu is given bya

Eq. (46) and is obtained by Eq.(47). For theKA
modelu can be greater than one since clearly thea
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Fig. 1. The variation of the average cluster size, , as a func-N Mn
tion of c, the total concentration of monomer in any form for
theKE andKA models described by Eq.(35) using the para-
meters given in Eq.(53).

Fig. 2. The probability that a cluster containsn units,P , andn

the probability that a monomer is in a cluster containingn
units,R , for theKE model. The solid points are obtained fromn

Eq. (51) using the parameters of Eq.(53).

first moment given by Eq.(45) can be greater
than two.
Of considerable interest are the probability dis-

tributions. We focus attention on two probability
distributions which we define as follows:

P sprobality a cluster picked at random containsn

(48)n monomers

R sprobality a molecule picked at random is in an

(49)cluster ofn particles.

These quantities are given respectively by the
following relations

`
n nP s X Q y X Q ,n n n8

ns1

`
n nR s n X Q y n X Q (50)n n n8

ns1

For the KE model these relations simplify to
give

ny1P s (1yu ) un e e

ny1 2Ž .R sn u 1yue (51)n e

where both distributions are normalized. For the
KA model the corresponding functions are

1 ny1 yuaP s u en a
(ny1)! (52)

n ny1 yuaR s u e y(1qu )n a a
(ny1)!

Note that sinceu -1 for theKE model,P muste n

be a monotonically decreasing function(it is sim-
ple exponential). For the KA model u can bea

greater than one sou can be an increasingny1
a

function while 1y(ny1)! is decreasing; thus in
this modelP can have a maximum at an inter-n

mediate value ofn.
Fig. 1 compares as a function ofc for theN Mn

two models withK sK . Since theK’s are biggera e

for the KE model (except at the first step), the
clustering is greater in theKE model as seen in
Fig. 1. Comparing the two models at the same
value ofc one has

N MKE: cs10,K s2, n s5.0e

w xXs A s0.4, u s0.81 e

N MKA: cs10,K s2, n s2.59a (53)
w xXs A s0.793,u s1.5851 a

In the above tabulation the units of concentration
are mM and theK’s are given in units of mM .y1

The probability distributions given in Eq.(51) for
the KE model are shown in Fig. 2 for the para-
meters given in Eq.(53). While theP distributionn

drops off exponentially(with monomer always the
most probable cluster size), the distributionR hasn

a maximum at approximatelyns4. TheR distri-n

bution illustrates the fact that most of the mole-
cules are in clusters greater than one, and hence
from this point of view monomer is not the most
important molecular environment. The same prob-
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Fig. 3. The probability that a cluster containsn units,P , andn

the probability that a monomer is in a cluster containingn
units,R , for theKA model. The solid points are obtained fromn

Eq. (52) using the parameters of Eq.(53).

Fig. 4. The probability that a cluster containsn units,P , forn

the KE model using the parameters of Eq.(53) as obtained
from the maximum-entropy method using one, two and three
moments(solid lines) compared with the exact result obtained
from Eq.(52) and shown in Fig. 2. The three maximum-entro-
py results are essentially identical.

ability distributions are shown in Fig. 3 for theKA
model using the equations of Eq.(52) and the
parameters of Eq.(53). Again we see thatR hasn

a maximum at a value ofn greater than that for
P . In this case monomer is not the most probablen

cluster size in theP distribution. Even though then

average cluster size is 2.6 units, one sees that most
of the molecules are in clusters larger than
monomer.
Using the numbers given in Eq.(53) and the

general relations of Eq.(44) and Eq. (45) one
finds the following values of the first three
moments for theKE andKA models(these are all
dimensionless numbers):

KE: M s5, M s45,M s6051 2 3

KA: M s2.6,M s8.3,M s31.2 (54)1 2 3

In this example we have calculated these quan-
tities from Eqs.(44) and (45), but given the data
of Fig. 1 as experimental data, one can expand the

as a function ofc, as given in Eq.(5) andN Mn
then obtain the moments as indicated in Eq.(23)
and Eq.(24). The KE model serves as a useful
check for our moment equations. Givenc andKe

one obtains the quantityu from Eq. (42) and then
directly the first three moments from Eq.(44); for
cs10 mM andK s2 mM one hasu s4y5 andy1

e e

the values of the moments given in Eq.(54).
Alternatively one can use Eq.(43) to calculate the
derivativesn and n defined in Eqs.(19) and1 2( ) ( )

(20). For the values ofc andK already used onee

finds n s20y9 andn s820y729 which when1 2( ) ( )

used in Eqs.(24) and (25) again yield the values
of the first three moments given in Eq.(54).
Given the sets of three moments given in Eq.

(54) one can then immediately construct the max-
imum-entropy distributions. Fig. 4 shows thePn

calculated from Eq.(32) using the three moments
for the KE model given in Eq.(54) based on the
parameters given in Eq.(53). The results obtained
using one, two, and three moments are shown by
solid lines (that are essentially superimposable)
and are compared with the exact results(shown
by solid dots) given by Eq.(51) and shown in
Fig. 2. In this case the distribution function is
exactly exponential and so the maximum-entropy
form with g(x) of Eq. (28) linear in x (requiring
only one moment of the distribution) gives the
exact result. Using the second and third moments
does not change the distribution. Note that because
the distribution is exactly exponential does not
mean that the moments beyond the first are zero.
Given the results of Fig. 4, that isP as an

function ofn determined from moments(which in
the general case will be obtained from experimen-
tal data), one can then use the values of theP ton

calculate theK . The equilibrium constant expres-n

sion for the general reaction of Eq.(1) is
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Fig. 5. The probability that a cluster containsn units,P , forn

the KA model using the parameters of Eq.(53) as obtained
from the maximum-entropy method using(a) one,(b) two and
(c) three moments(solid lines) compared with the exact results
obtained from Eq.(52) and shown in Fig. 3.

w xA Pn nK s s (55)n w x w x w xA A P Any1 1 ny1 1

Now wA x is the concentration of free monomer1

and is given by

w x w xA s P A (56)1 1 n8n

which giveswusing Eq.(4) for c and Eq.(11) for
M x1

w xA sc P yM (57)1 1 1

Then given theP shown in Fig. 4 one cann

calculate theK . In this manner one finds then

arrays(giving theK for K throughK )n 2 6

one moment: 2.016, 2.016, 2.016, 2.016, 2.016

two moments: 2.006, 2.006, 2.007, 2.007, 2.007

three moments: 2.106, 2.094, 2.082, 2.073, 2.06
(58)

We recall from Eq.(53) thatK s2 exactly ande

that is the result that one is getting from all three
levels of approximation here. Thus the use of three
moments clearly would tell us if a model is
obeying theKE form.
TheKA model is more interesting and in Fig. 5

we show the results of using successively one, two
and three moments to obtain theP from then

maximum-entropy method and compare these
results with the exact results of Fig. 3 obtained
from Eq. (52). The parameters used are given in
Eq. (53) and the three moments thus obtained are
given in Eq.(54). In Fig. 5a(using one moment)
the maximum-entropy distribution is exponential
and does not fit the exact distribution well. In Fig.
5b (using two moments) the maximum-entropy
g(x) is quadratic and now fits the exact distribution
much better. Finally, in Fig. 5c(using three
moments) the maximum-entropyg(x) is cubic and
the fit with the exact distribution is very good.
Using the data of Fig. 5c with Eqs.(55) and

(57) we obtain estimates of theK wwhich aren

given by Eq.(34) with K s2x and are shown ina

Fig. 6. These results illustrate that the use of
empirical sets of three moments such as those
given in Eq.(54) can easily distinguish between
theKE andKA models.
We now want to apply this procedure to real

data. But before applying this method to actual

cases we must address the problem of converting
experimental data on the concentration dependence
of some optical property into a graph of average
cluster size, , as a function ofc, the totalN Mn
concentration.

5. Experimental average cluster size

In general the experimental data on self-associ-
ation gives some optical property of the system as
a function of the total concentration of monomers
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Fig. 6. TheK (solid dots) obtained from the probability dis-n

tribution shown in Fig. 5c for theKA model. TheK aren

obtained from theP using equation Eq.(55). The solid linen

joins the correct values as given by Eq.(34) with K s2.a

Fig. 7. Schematic illustration of the perturbation of the chem-
ical shift on a given hydrogen in a monomer(large rectangle)
that forms stacks. In(a) a dimer is shown with different per-
turbationsa andb for the first and second hydrogen’s in the
stack. In(b) a regular stack is shown with the assignment of
the respective perturbations.

used. Examples of the optical properties used,
among many, are chemical shift and circular
dichroism. We will use the example of chemical
shift here. In Fig. 7a we schematically represent a
flat molecule by the large rectangle. A single
hydrogen in each is further indicated by the smaller
rectangle containing an H symbol. In Fig. 7a we
show the monomers coming together to form a
dimer where we indicate that the chemical shifts
of the hydrogens illustrated in each monomer are
in general perturbed by a different amount, labeled
here a and b. When the extent of stacking is
increased, as illustrated in Fig. 7b, we assume that
the same perturbations apply(and we also assume
that the structure of the stack remains constant as
a function of the size of the stack). If d is theo

unperturbed chemical shift of a particular proton,
then in a cluster ofn units the chemical shift of
the cluster,d , will becl

d sn d q(ny1) (aqb) (59)cl o

In a long stack of monomers, the chemical shift
of each unit will be

d sd q(aqb) (60)8 o

Then Eq.(59) gives

d sd q(ny1) d s(d yd )qn d (61)cl o 8 o 8 8

The chemical shift per unit in the stack then
becomes

d sd yn (62)obs cl

or for the average cluster sizeN Mn

N Md sd q(d yd )y n (63)obs 8 o 8

Solving Eq.(63) for one hasN Mn

d y do `
N Mn(c) s (64)

d (c)ydobs `

Combining Eq.(64) with Eq. (43) for the KE
model gives Eq.(3) of Scheller et alw2x. Eq. (64)
is a simple equation, but it is at the heart of our
method for in this equation the experimental data,
here given by the observed chemical shift as a
function of concentration,d (c), is convertedobs

into the average cluster size as a function of
concentration . And it is the latter quantityN Mn(c)
that gives us directly the first three moments of
the cluster probability distribution and hence the
probability distribution itself and the size depend-
ence of the binding constants. The essential
assumptions are seen to be that the stack is regular
and the perturbations on the optical property
depend in a regular way on nearest-neighbor inter-
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Fig. 8. The circular dichroism as a function of total monomer
concentration,c, for daunorubicin as given by Martinw1x. The
lower and upper dashed curves, respectively, give the limits
D´ andD´ given by Eq.(65).o 8

actions. Martinw3x has discussed the case where
one takes into account next-nearest neighbor
interactions.
There are then two problems here: one is the

cooperativity and regularity of the observed optical
properties that are needed to give the average
cluster size as a function of concentration and the
other is the cooperativity and regularity of the
thermodynamic parameters of stacking. The two
could be completely independent of one another
or not. But clearly the conversion of the optical
property into the average cluster size as a function
of concentration is the crucial step.

6. Daunorubicin

Daunorubicin is an antibiotic that strongly self-
associates in aqueous solution. We have chosen it
as our first example because in Martin’s extensive
review of self-associating systemsw3x, this com-
pound had the largest association constant(in the
mM range) of all those described. This meansy1

that the extent of stacking for this compound is
large so that we will be testing our method on a
case where there is a big effect. In addition it
means that extensive stacking can be achieved for
total concentrations in the mM range where we
can expect non-ideal effects to be minimal.
We will use the data of Martinw1x who studied

association in daunorubicin using circular dichro-
ism giving data obtained at several different wave-
lengths. The different sets of data closely give the
same results so we have picked a single optimal
set, namely, the data taken at 450 nm. These data
are shown in his Fig. 3b and reproduced in our
Fig. 8; the optical property measured isD´ as a
function of the total concentration of daunorubicin
in mM. In this case there is an equation analogous
to Eq. (64) with D´ replacing d . Martin w3xobs

notes that the optical properties for this system are
well-represented by the assumption of nearest-
neighbor interactions only as illustrated in Fig. 7
and described by Eq.(59). The asymptotes are
given in Martin’s Table 1w1x and they are

D´ s1.11D´ s5.72y2 (65)o `

Martin interprets his data in terms of a dimeri-
zation model and hence hisD´ is the limit for8

pairs of molecules. For a per molecule limit we
take his number and divide by two as in Eq.(65).
The quantityD´ is the lower dashed line in Fig.o

8 while D´ is the upper dashed line.8

Given the basic experimental data, usually some
optical property as a function of concentration, the
next crucial step in our method is to convert this
data into the average cluster size as a function of
total concentration using the analog of Eq.(64).
Using the limits given in Eq.(65) and the data
points shown in Fig. 8, the results of this conver-
sion are shown in Fig. 9 where the solid dots
represent the same points shown in Fig. 8 trans-
formed into as a function ofc. The solid curveN Mn
is a best cubic fit to the data in the range covered
by the curve. This curve can then be used to give
the expansion shown in Eq.(5) where we take the
expansion center asc s0.75 mM Given theo

expansion constantsn , n9 and n0 in Eq. (5) oneo

immediately obtains three moments of the cluster
probability distribution evaluated atc s0.75 usingo

Eqs. (22)–(25). One finds:M s3.39, M s21.41 2

and M s194.3. The quantityM is the average3 1

cluster size for the value ofc used.o

With the three moments given above one can
then use the maximum-entropy method we have
described earlier to give three successive degrees
of approximation (using one, two and three
moments) to the cluster distribution function. The
results of this calculation are shown in Fig. 10
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Fig. 9. The conversion of the data given in Fig. 8 for dauno-
rubicin to give the average cluster size, , as function of totalN Mn
concentration,c using the analog of Eq.(64) and the asymp-
totic values given in Eq.(65). The solid curve shows a cubic
fit to the data in the region covered by the curve that is used
to obtain the fit of Eqs.(5) and (6) and hence the first three
moments of the cluster probability distribution as given by Eqs.
(22)–(25).

Fig. 10. The cluster probabilities,P , for daunorubicin obtainedn

from the maximum-entropy method using one, two and three
moments obtained from the solid curve shown in Fig. 9. At
ns1 the curves represent, from top to bottom, the results
obtained using three, two and one moments.

Fig. 11. TheK for daunorubicin obtained from theP of Fig.n n

10 using Eq.(55) for one, two and three moments. The con-
stant horizontal line gives the results obtained using one
moment, the dashed curve gives the results obtained from using
two moments, while the curve that goes through a maximum
gives the results obtained from using three moments.

where we plot the probability that a cluster hasn
units, P , as a function ofn for the distributionn

function obtained using one, two and three
moments. The three approximate distributions are
seen to be very similar. Atns1 the top to bottom
points are, respectively, for the three, two and one-
moment distributions. The qualitative shape of the
cluster probability distribution functions shown in
Fig. 10 is similar to exponential decrease, so we
anticipate that this system is well-described by the
KE model.
Having theP as given in Fig. 10 we use Eq.n

(55) to calculate the respectivelyK . The resultsn

of this calculation are given in Fig. 11 showing
K as a function ofn obtained from the one, twon

and three-moment distributions. The horizontal
constant curve is obtained from the one-moment
distribution. Since using one moment gives a
probability distribution, from Eq.(28), that is
exactly simple exponential, this level of approxi-
mation exactly gives theKE model. The dashed
curve gives theK obtained from using the two-n

moment distribution function. In this case theKn

need not be constant and indeed they are not
(increasing slightly). The curved solid line gives
the results obtained from the three-moment distri-

bution function and in this case theK’s increase
slightly and then decrease withn.
We observed that theP curves in Fig. 10 weren

very similar in appearance. It is also true that the
K curves obtained from the data given in Fig. 10n

also are very similar, there being no marked
difference in theK obtained on using one, two orn

three moments. Thus we conclude that the self-
association of daunorubicin is well described by
theKE model. What is significant about the results
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Fig. 12. The data of Fig. 9 for daunorubicin compared with the
results obtained from the generalG of Eq. (8) with the Kn

obtained from using one moment(solid curve) and from using
three moments(dashed curve).

Fig. 13. The probability,R , that a monomer is in a clustern

containing n units for daunorubicin. The solid curve is the
result obtained from the one-momentK while the dashedn

curve is the result obtained from the three-momentK .n

of Figs. 10 and 11 is that this conclusion is a final
result of our analysis and is not an initial
assumption.
It is always useful to see if the final results of

a calculation agree with the initial data. For this
case we take theK given in Fig. 11 and use themn

in the basic quantityG of Eq. (8) wcalculating the
Q from the K via Eq. (3)x. We then calculaten n

as a function ofc and compare this with theN Mn
experimental data given in Fig. 9. The results are
shown in Fig. 12 where the solid dots are the
original experimental data; the solid curve is the
result obtained using the one-momentK’s while
the dashed curve results from using the three-
momentK’s. Clearly either set ofK’s gives a very
good fit to the original data, enforcing our conclu-
sion that this system is well-approximated by the
KE model.
Finally we use the same two sets ofK ton

calculate the probability that a monomer is in a
cluster ofn units. This is the functionR definedn

in Eq. (49). The results of this calculation forc so

0.75 are shown in Fig. 13 where the solid curve
is based on the one-momentK’s and the dashed
curve is based on the three-momentK’s. From Fig.
10 one sees that the most probable cluster is free
monomer(ns1). But from Fig. 13 one sees that
most of the molecules are in clusters with cluster
sizes ranging from two to twenty. Thus the molec-

ular environment most molecules see in this case
is the interior of a cluster.

7. Mg(ATP)2I

The self-association of ATP is typical of the
many systems reviewed by Martinw3x, this com-
pound having an association constant in the My1

range and an average cluster size of approximately
2. The system Mg(ATP) has a greater tendency2y

to cluster than ATP itself, so we have chosen it4y

as our second example. We use the data of Scheller
et al. w2x who measured the chemical shifts of
several protons as a function of total Mg(ATP)2y

concentration. In particular we use the data points
given in their Fig. 1 for the proton labeled H2.
These data, giving the observed chemical shift,
d , as a function of total concentration,c, areobs

reproduced in Fig. 14. In Fig. 14 the dashed lines
give the zero and infinite concentration asymptotes
the values of which are given in Table 3 and are

d s8.278"0.002d s6.95"0.09 (66)o `

In Fig. 14 the upper and lower dashed curves
representd and d , respectively. Using the datao 8

given in Fig. 14, the above limits, and Eq.(64)
we can convert thed (c) data of Fig. 14 intoobs

data giving the variation of the average cluster
size as a function ofc, as shown in Fig. 15. The
solid curve in Fig. 15 shows a cubic fit to the data
points covered. From this fit we obtainn , n9 ando
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Fig. 14. The chemical shift of H2 for Mg(ATP) as a function2y

of total concentration as given by Scheller et al.w2x. The upper
and lower dashed lines give respectively the asymptotesd ando

d given in Eq.(66).8

Fig. 16. The probability that a monomer is in a cluster con-
taining n monomers,P , for Mg(ATP) as obtained from the2y

n

maximum-entropy method using one, two and three moments.
The curves obtained using two and three moments are essen-
tially identical; the one-moment curve has the lowest value
shown atns2.

Fig. 15. The conversion of the data given in Fig. 14 for
Mg(ATP) into the average cluster size, , as a function of2y

N Mn
total concentration,c. The solid curve is a cubic fit for use in
obtaining the results of Eqs.(5) and (6) and hence the
moments given in Eqs.(22)–(25).

Fig. 17. TheK for Mg(ATP) as a function ofn as obtained2y
n

from the maximum-entropy methodP given in Fig. 16 usingn

Eq. (55). The constant, horizontal line is the one-moment
result; the three moment result is the lower curve in the middle
range of variation ofn.

n0 of Eq. (6) usingc s0.20 M for our expansiono

point. These values can be immediately converted
into the first three moments of the cluster distri-
bution using Eqs.(22)–(25). The values of the
first three moments obtained in this manner are
M s1.55, M s3.28 andM s9.03 whereM is1 2 3 1

the average cluster size for the given value ofc .o

Given the momentsM , M andM we can then1 2 3

calculate the maximum-entropy cluster distribu-
tions based on the successive use of one, two and
three moments. The cluster distribution functions,

P , so obtained are shown in Fig. 16. The one-n

moment distribution gives the lowest value ofPn

at ns2; the P for the two and three-momentn

distributions are essentially identical.
As before, given the cluster probability distri-

bution,P , one can then calculate the correspond-n

ing K using Eq. (55). The results of thisn

calculation are shown in Fig. 17 where the constant
horizontal line gives theK from the one-momentn

distribution (where this level of approximation
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gives theKE model). The other two curves, that
are almost superimposable, are the results obtained
from the two and three-moment distributions(the
three-moment result is the lower curve in the
middle range of variation ofn). In this case both
the two and three-moment results indicate a devi-
ation from the KE model: the K do tend ton

decrease withn but we note that the extent of
decrease is not as large as that given by theKA
model was in Eq.(34)x.

8. Conclusion

We have shown in this paper that experimental
data on the variation of some optical property
(chemical shift, circular dichroism, etc.) as a func-
tion of concentration can be converted into approx-
imate cluster distribution functions using the
maximum-entropy method(the approximation
improving with the number of moments used) and
this information in turn can be used to calculate
the K . No model concerning the variation of then

K is used: the variation of theK emerges at then n

end as a final result. We note that this is a general
method for any system that self-associates, the
only requirement being data on the average extent
of clustering as a function of concentration.
Schematically the calculation proceeds with the

following steps:

1. Obtain experimental data(usually some optical
property such as chemical shift or circular
dichroism) that is a measure of the extent of
clustering as a function of concentration.

2. Convert the optical data into data giving the
variation of the average cluster size as a func-
tion of concentration. This process requires a
conversion equationwanalog of Eq.(64)x and
asymptotic values of the optical property at low
and high concentrations

3. Fit the data obtained above to a quadraticN Mn
in the concentration and thereby obtain the
parametersn , n9, n0 of Eq. (5) evaluated atc .o o

4. Use Eqs.(22)–(25) to convert the parameters
n , n9, n0 obtained above into the first threeo

moments,M , M andM , of the cluster prob-1 2 3

ability distribution.
5. Use the moments obtained above with maxi-

mum-entropy method to calculateP , the clustern

probability distribution.
6. Use the mass action relation of Eq.(55) to

convert the cluster probabilities given by the
maximum-entropy distribution functions into
the values of theK .n

The first step, obtaining reliable experimental
data, of course is where the real work is involved.
All of the remaining steps in the above scheme,
except the second, involve straightforward mathe-
matics and do not involve any model assumptions
about the system. The second step is the weak link
in the chain, requiring assumptions about the
conversion of optical properties into average clus-
ter size. The reliability of the whole approach then
rests on the soundness of the second step.
If one has only a single moment of the cluster

distribution function,M s , this is equivalentN Mn1

to using theKE model (exponential distribution
function). If in addition one knows the slope of
the curve as a function of concentration thenN Mn
this is enough information to calculate the first
and second moments of the distribution function
which is, in turn, enough information to resolve
deviations from theKE model.
We note that the treatment of self-association

we have given here is very similar to our treatment
of ligand binding in biopolymersw4–6x. The major
difference between the two cases is that in the
treatment of binding isotherms the number of
binding sites is constant and in addition one
measures extent of binding(analog of average
cluster size) as a function of the concentration of
free monomer in solution(this is true even if the
independent variable is the total monomer concen-
tration since the conservation relation for ligand
binding gives the concentration of free monomer).
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